We extend a previously introduced model of stochastic gene regulation of cancer to a nonlinear case having both gene and pseudogene messenger RNAs (mRNAs) self-regulated. The model consists of stochastic Boolean genetic elements and possesses noise-induced multistability (multimodality). We obtain analytical expressions for probabilities for the case of constant but finite number of microRNA molecules which act as a noise source for the competing gene and pseudogene mRNAs. The probability distribution functions display both the global bistability regime as well as even-odd number oscillations for a certain range of model parameters. 
I. INTRODUCTION
In a variety of human cancer types, a close link exists between the expression levels of Phosphatase and Tensin Homolog deleted on chromosome 10 (PTEN) and its oncosuppressive activities. 1 PTEN is an important and pleiotropic (producing multiple phenotypic expressions) tumor suppressor gene. This stimulates in-depth investigation of the molecular mechanisms by which the PTEN expression is modulated in order to achieve a comprehensive knowledge and make a progress in the regulation of cancer.
The PTEN tumor suppressor gene has its own pseudogene PTENP1. Pseudogenes are defined as genomic loci (sections of a chromosome) that resemble real genes but being biologically inconsequential, that is, their expression does not lead to production of proteins. Meanwhile they play an important cellular role. 2 The impact of pseudogenes in human cancer was recently reviewed in Ref. 3 .
The functional relationship and the critical consequences of the interaction between the mRNAs produced by the PTEN tumor suppressor gene and its pseudogene PTENP1 were discovered in Ref. 4 . It was found how PTENP1 regulates cellular levels of PTEN. By binding to microRNAs, PTENP1 transcripts reduce downregulation of the PTEN messenger RNA thus allowing its translation into the tumor suppressor protein PTEN. Similarly, PTEN mRNA acts as a decoy for microRNAs that would otherwise downregulate PTENP1 transcripts.
This and similar findings 1-3 attribute a novel biological role to expressed pseudogenes 5 as they can regulate coding gene expression, and reveal a non-coding function for mRNAs.
These recent discoveries open up a new dimension in RNA a) Electronic address: pkaren@phys.sinica.edu.tw b) Electronic address: huck@phys.sinica.edu.tw regulated gene expression and call for their quantitative studies with tools developed to study stochastic processes taking place in biological systems. 6, 7 The obtained results could be later applied to regulate and treat various human diseases where mRNA-microRNA interactions are involved, such as control of cancer 8 as well as of psychiatric disorders, including schizophrenia, mood disorders, autism, psychosis, depression, mania, and cognitive deficits. 9 Stochastic gene expression and regulation is an active field of research. [10] [11] [12] [13] [14] Advanced single-cell fluorescence microscopy already made it possible to measure mRNA and protein copy abundances with single-molecule sensitivity 11 that in turn allows to investigate functional roles for noise in genetic circuits. 10, 15, 16 A stochastic model to investigate the above mentioned gene-pseudogene interaction was recently introduced in Ref. 17 . The model was able to describe quantitatively some fluctuation effects in gene regulation by microRNAs as well as correlations between gene and pseudogene mRNAs in the control of cancer. In this paper we will generalize the model to a nonlinear case having both gene and pseudogene mRNAs also self-regulated. The genes and pseudogenes will be regarded as Boolean genetic elements (being in passive or active states) reflecting the bimodality observed in recent experiments. For example, recent molecular single-cell studies found extensive, and previously unobserved, bimodal variation in mRNA abundance which was validated by RNAfluorescence in situ hybridization for select transcripts. 18 In particular, key immune genes were shown to be bimodally expressed across cells.
Theoretical models of self-regulating genes had been studied by Michael Assaf et al. in a number of papers. [19] [20] [21] We will employ one of their models, the first one, 19 where the gene (and pseudogene) can be in either one or in the other state make the genes (and pseudogenes) self-regulated, one of them being the DNA looping considered in Refs. [22] [23] [24] . Both the gene and pseudogene transcribed mRNAs that will be called gene mRNAs and pseudogene mRNAs, respectively, will interact with microRNAs which block their way in the cell. These mRNA-microRNA interactions cause the dissipation (decrease in the number of particles), fluctuations, and indirect interaction between gene and pseudogene mRNAs. 17 We will describe the stochastic gene expression process in this biological phenomenon starting with the master equation and then will apply the Poisson representation technique 7, 25, 26 in order to derive analytical results as was done previously for various biological systems [27] [28] [29] as well as for another complex system in economics. 30 Among most important results we can mention now that the microRNA molecules induced noise leads to statistical multistability and remarkable fluctuation characteristics.
II. SELF-REGULATING STOCHASTIC GENE AND PSEUDOGENE EXPRESSIONS IN THE PRESENCE OF MICRORNAS
Let us consider the gene and pseudogene expression process, with microRNAs present, which is described by the following model of stochastic biochemical reactions taking place in cellular environment. The number of particles (abundances) for gene mRNA, pseudogene mRNA, and microRNA molecules are defined as n g , n p , and n m . The following elementary processes take place. Gene mRNA transcription: n g −→ n g + 1 with the reaction rate ϵ g + (E g − ϵ g ) Θ(n g − n 0 g ) which means that the transcription rate is ϵ g if n g < n 0 g and equals to E g when n g ≥ n 0 g with Θ(x) being the Heaviside step function; gene mRNA degradation: n g −→ n g − 1 with the reaction rate γ g n g + λ g m n m n g . Similarly for the pseudogenes. The pseudogene mRNA transcription: n p −→ n p + 1 with the reaction rate ϵ p + (E p − ϵ p )Θ(n p − n 0 p ); pseudogene mRNA degradation: n p −→ n p − 1 with the reaction rate γ p n p + λ pm n m n p . MicroRNA molecules interact with both gene and pseudogene mRNAs. Thus the following processes are in place. MicroRNA's transcription: n m −→ n m + 1 with the reaction rate ϵ m (we will neglect the details of the microRNA's transcription as we are going to eliminate the microRNA abundance variable considering large but finite number of microRNA particles); microRNA degradation: n m −→ n m − 1 with the reaction rate
This set of reactions is governed by the following master equation for the joint probability distribution function:
Let us now consider the case when the abundance of microRNA molecules does not change. In fact, in living cells microRNA molecules largely outnumber mRNA molecules, 31 which means that the level of microRNA molecules can be taken as constant. This means that microRNA molecules would serve as a noise reservoir for both gene and pseudogene expressed mRNA molecules as well as a dissipation factor for the gene and pseudogene mRNAs. Then we can have n m ± 1 ≈ n m and the master equation simplifies to become as the following:
where λ g m n m and λ pm n m were replaced with cλ p and cλ g , respectively.
Using the Poisson representation for the probability distribution function, 7, 25 we can express it via a quasiprobability function f (α g , α p ,t) for auxiliary variables α g and α p corresponding to molecular abundances n g and n p ,
and then obtain from the following Fokker-Planck equations:
and the corresponding set of stochastic differential equations for the α-variables (the derivation is similar to the ones done in, e.g., Refs. 7, 17, and 25-28)
,
where once again Θ(x) is the Heaviside step function. Such a steplike regulatory function describes, e.g., DNA transitions between looped and unlooped regulatory states. [22] [23] [24] Notice that these are stochastic differential equations for independent variables. However we put forward the constraint on the reaction rates λ g + λ p = 1 that emphasizes that, while gene and pseudogene mRNA molecules are being mutually blocked by the same constant number of microRNA particles, a microRNA molecule can block either a gene mRNA molecule or a pseudogene mRNA molecule with different probabilities.
III. STEADY-STATE DISTRIBUTIONS FOR GENE AND PSEUDOGENE MRNA MOLECULES
Fokker-Planck equation (4) for each of the α-variables has the following steady-state solution:
Probability distribution function of the number of (pseudo)gene mRNA particles for the following set of parameters:
FIG. 2. Probability distribution
N 2 being another normalization constant. Finally substituting this joint distribution into (3) we obtain the following expression for the steady-state joint probability distribution function for number of molecules n g and n p : FIG. 3 . Probability distribution function of the number of (pseudo)gene mRNA particles for the following set of parameters:
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with N 3 being yet another normalization constant. Let us now consider the probability distribution function of one of the species, e.g., for the number of gene mRNA particles n g ,
FIG. 5. Probability distribution function of the number of (pseudo)gene mRNA particles for the following set of parameters:
FIG. 6. Probability distribution function of the number of (pseudo)gene mRNA particles for the following set of parameters:
with N 4 a normalization factor.
Here we have essentially three parameters ϵ g τ g , α 0 g , and E g τ g . In the case when these three parameters are well separated (ϵ g τ g ≪ α 0 g ≪ E g τ g ) the probability distribution function would turn approximately into the following sum:
where
g ] and C 1 = N 4 are constants. Such integrals can be exactly calculated 17, 28 to give us FIG. 7 . Probability distribution function of the number of (pseudo)gene mRNA particles for the following set of parameters: 
where H n (x) is the Hermite polynomial. 32 Here we made use of the integral representation of the Hermite polynomial
IV. ANALYSIS OF THE OBTAINED RESULTS
The approximate solution of probability distribution function (7) hints that there could be a bistability present in the model. Notice that for the deterministic version of the   FIG. 9 . Joint probability distribution function for the following set of parameters: FIG. 10 . Joint probability distribution function for the following set of parameters:
model the number of particles are n g, p = ϵ g, p τ g, p below n 0 g, p or n g, p = E g, p τ g, p above that value. However, the presence of the microRNA molecules causes the noise that in turn could induce the bistability. In addition to two distinct maxima, one should expect to have even-odd oscillations in the probability distribution that was recently derived theoretically 17, 28 and observed experimentally. 18 Indeed, the numerical computation of (6) displays the interplay of the bistability and even-odd oscillations in the distribution of the abundances as shown in Figs. 1-7 .
The multistability phenomenon is illustrated in Fig. 1 . The probability distribution function has two global maxima at zero and a non-zero value meanwhile having even-odd oscillations 28 for low number of particles with local maxima. The next pictures are plotted for the same set of parameters, except we vary the value of E g, p . The distribution may have only the oscillations, such as in Fig. 2. Figs. 3-5 show a gradual transition, as we increase the expression level with the production rate E g, p , to the regime of global bistability that becomes clear in Fig. 6. Finally, Fig. 7 as well as the already mentioned Fig. 1 display the case with two global   FIG. 11 . Joint probability distribution function for the following set of parameters: 
maxima, one at the zero value with further even-odd number oscillations and another one at a larger number being the most probable value.
What that means for gene (pseudogene) mRNAs is that the expression level may not just fluctuate but also make a transition between two stable states. The Boolean genetic switch under the influence of the intrinsic and extrinsic noise sources was studied in Ref. 19 where the transition or switching time was calculated. We will not compute here the transition time, neither theoretically nor numerically, that seems to be trivial within our approach. Indeed, using the above obtained expressions for the steady-state probability distributions and well known methods of solving the Kramers' problem, 6, 7 one can come up with the analytical and numerical results for the switching times between the existing maxima. The experimental literature does not provide for the now relevant values thus we may return to the task later in the future. Meanwhile we stress that the oscillations as well as bimodality were observed experimentally. 18 For the biological system under our consideration, the gene and pseudogene mRNAs coupling via the interaction with   FIG. 13 . Joint probability distribution function for the following set of parameters:
FIG. 14. Joint probability distribution function for the following set of parameters:
microRNAs, it is interesting to look at the joint probability distribution P(n g , n p ) of the abundances as one can expect that there will be an interplay between the global bistability and even-odd number oscillations for both the mRNA species. Indeed, this is the case as shown in Figs. 8-14 which display probability distributions for different regimes of the process. Figures 8 and 9 demonstrate the behavior of the system at relatively low expression rates. For instance, in Fig. 8 the gene mRNA distribution shows a single peak while the pseudogene mRNA shows even-odd number oscillations and emerging global bistability. When the rate of gene mRNA production reaches the same level as that of pseudogene mRNA (Fig. 9 ) then the joint probability distribution function becomes symmetric. Further increase in gene mRNA production rate will lead to a more pronounced expression level pictured in Figs. 10 and 11 where we see an appearance of a peak in the middle of the graph. Equal increase in both gene and pseudogene expression rates will take us to a fully developed multistability, or multimodality, as shown in Figs. 12-14 with a particularly equiprobable multistable state displayed in Fig. 14.   FIG. 15 . Fano factor (the noise parameter) F vs (pseudo)gene expression level E g , p τ g , p for the following set of parameters:
Using the above obtained probability distribution functions (7) one can get the mean numbers of active genes and pseudogenes ⟨n g, p ⟩, their variances, or standard deviations, ⟨(n g, p − ⟨n g, p ⟩) 2 ⟩ as well as the Fano factor, which is defined as the standard deviation divided by mean,
. For the case of linear genetic elements these quantities were studied in Refs. 17 and 28. The main conclusion there was that the Fano factor for both mRNA species is always greater than unity F g, p > 1 which meant that the distribution was super-Poissonian and tends to become Poissonian when the mean number of copies is much larger than the noise intensity. For the stochastic Boolean model we get here a sub-Poissonian (F < 1) probability distribution for larger expression rates (Fig. 15) . This result coincides qualitatively with experimental observation of subPoissonian noise in gene expression conducted in Ref. 16 . There is a remarkably strong suppression of noise (F → 0) at higher expression rates. Meanwhile the curve shows superPoissonian (F > 1) fluctuations at low expression levels as well as a peak within the range of the expression rate parameter where the noise-induced global bistability appears.
V. CONCLUSION
We have extended a previously introduced model 17 of stochastic gene-pseudogene regulation of cancer [1] [2] [3] [4] to a nonlinear case having both gene and pseudogene messenger RNAs (mRNAs) self-regulated. The model consists of stochastic Boolean genetic elements 19 and possesses multistability (or multimodality) induced by the noise caused by microRNA molecules. Although the phenomenon of bistability induced by noise 33 or gene's self-regulation 34 had been studied for biochemical reaction networks, this is for the first time that the phenomenon of noise-induced global bistability combined with even-odd oscillations in the probability distributions for particle numbers thus leading to noiseinduced multistability found in the area of stochastic gene expression.
We obtained analytical formulas for the probability distribution functions for the case of finite but constant number of microRNA molecules which act as a noise source for the competing gene and pseudogene mRNAs. The probability distribution functions display both the global bistability (or bimodality) regime as well as even-odd number oscillations behavior 28 for a certain range of model parameters. The evenodd oscillations in the probability distribution for a small number of molecules distinguish between more probable even and less probable odd number of particles 28 suggesting a possible mechanism that could play a significant role during the cell division making expressed molecules to be evenly distributed between daughter cells. The combination with the global bistability makes the system (PTEN tumor suppressor gene mRNA and its pseudogene PTENP1 mRNA [1] [2] [3] [4] ) capable of being regulated choosing between several regimes of functioning which would depend on the intracellular parameters.
Statistical features of the mRNA's abundance fluctuations were estimated and displayed both super-and sub-Poissonian noise levels. All of the enumerated remarkable characteristics of the model, which are the multimodality and noise suppression were experimentally observed, e.g., in Refs. 16 and 18. The obtained results for the stochastic Boolean gene-pseudogene model presented further contribution to understanding of the process of stochastic gene and pseudogene expressions that is crucial in cancer research and can potentially lead to applications in molecular biology and medicine. 1, 3 
